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CHAPTER  I 
INTRODUCTION 


Engineers  and  scientists  are  constantly  seeking  the  best  ap¬ 
proach  to  accomplish  a  tahk  or  to  solve  a  problem.  The  "best  way” 

Is  usually  nothing  more  then  the  easiest  way  to  attain  the  goal. 
Vibration  problems  that  are  encountered  In  every  day  condltlona  ere 
gigantic  If  all  the  remlf  lc  at  Ions  are  applied  to  the  situation.  How¬ 
ever  a  number  of  asaumptlons  can  reasonably  be  made  such  as  assuming 
the  beam  or  shaft  under  consideration  has  constant  cross  sectional 
area;  the  material  Is  homogeneous;  or  the  mss  of  the  beam  or  shaft 
can  be  neglected. 

Even  after  the  problem  has  been  "simplified"  with  reasonable 
assumptions,  It  sometimes  reMlns  a  difficult  problem  to  solve.  For 
example,  to  Increase  the  natural  frequency,  which  part  of  the  system 
should  be  changed  to  effect  the  desired  Increase?  What  corrections 
must  be  made  If  the  cross  sectional  area  Is  not  constant  along  the 
beam?  What  are  all  the  dampening  factors  and  which  can  be  reasonably 
neglected? 

In  many  vlbratson  problems  an  approximate  solution  must  be  accepted 

because  an  exact  solution  is  very  difficult  if  not  Impossible  to  attain. 

*  * 

This  paper  will  develop  _tvo  approximate  frequency-determining  methods^ 

which  w spirited  to  the  following  problems; 


* 
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rfi 


the  optimum  dynamic  shape  of  a  cantilever  beam 
with  a  mass  load  at  the  free  end^  faijL- 

(bj  ^determining  the  necessary  approach  to  accurately  optimize 
the  dynamic  shape  of  a  simply  supported  beam  with  a  center  mass  load. 

S 

The  dynamic  shape  of  a  beam  is  the  actual  physical  form  (rectangu-\ 
lar,  triangular,  parabolic,  etc.)  of  a  beam  (Figure  1).  The  onHimm  dynamil 
shape  is  the  physical  form  of  a  beam,  with  or  without  a  mass  load, 
that  will  produce  the  highest  natural  frequency  (Figure  2) . 


(a^  ^Determining 


Figure  1. 

Dynamic  Shaped  Cantilever  Beam 


Qnt~<l"‘T  Dynamic  Shaped  Cant  Haver  Beam 
With  a  Maas  Load  Equal  to  the  Beam  Maas 

The  two  methods  that  will  be  developed  are  the  Rayleigh  prin¬ 
ciple  and  the  Ray].eigh*Rltz  procedure.  Each  of  these  methods  will  be 
applied  to  the  cantilever  beam  and  the  results  will  show  that  the 
Rayleigh  principle  is  relatively  easy  to  apply  to  a  problem  as  compared 
to  the  Raylelgh-Rltz  procedure.  However,  the  frequency  determined  by 
the  Raylelgh-Rits  procedure  is  more  accurate  and  to  accurately  optimize 
the  simply  supported  beam  the  Raylelgh-Rltz  procedure  will  be  applied. 


lCurreri,  John  R. ,  Vibration  Fixture  Design.  Copyright  MB  Electronics; 
1961,  Printed  in  the  United  States  of  Aamrlcsi  p.  88. 


CHAPTER  II 


RAYLEIGH  PRINCIPLE 

2 

The  Rayleigh  method  ia  a  generalization  of  the  "energy  method" 

which  etates  that  the  potential  energy  at  the  extreme  position  (maxi- 

mem  amplitude  of  a  vibrating  body)  is  equal  to  the  kinetic  energy  of 

the  vibrating  body  in  the  neutral  position.  (The  system  is  assumed  to 

be  conservative.)  "Briefly,  a  shape  is  assumed  for  the  first  normal 

elastic  curve;  with  this  assumption  the  (maximum)  potential  and  kinetic 

energies  are  calculated  and  are  equated.  Of  course,  if  the  exact  shape 

had  been  taken  as  a  basis  for  the  calculation,  the  calculated  frequency 

would  be  exactly  oorrect  also;  for  a  shape  differing  somewhat  from  the 

exact  curve  a  very  useful  and  close  approximation  for  the  frequency  is 
3 

obtained."  In  applying  Rayleigh's  method  to  any  beam  the  change  in 
potential  energy  of  bending  is  given  by 

d(PE)  •  EQ.  2.1 

for  any  bending  moment  moving  through  a  differential  angular  change. 
Equation  2.1  can  be  derived  simply  by  considering  an  element  dx  under 
the  Influence  of  a  bending  moment  M  (Figure  3).  The  element  is  origin¬ 
ally  straight  and  is  bent  through  an  angle  of  d0  by  the  moment  M.  If 


^Den  Hartog,  J.P. ,  Mechanical  Vibrations.  McGraw-Hill  Book  Co.,  Inc., 
New  York,  N.Y. ,  1956,  p.  33. 

3Ibid.,  p.  141. 
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the  left  end  of  the  element  ie  assumed  to  be  fixed,  the  moment  M  at 

the  right  end  turna  through  the  angle  d0.  The  work  done  by  M  on  the 

beam  la  therefore  \i  Mdf ,  where  the  factor  %  appears  becauae  both  M 

4 

and  d(f  are  Increasing  from  zero  together. 


Figure  3. 

Been  Element  Under  Influence  of  Bending  Moment 
The  slope  Is  given  by  tan  0  -  0  (for  small  angles)  and  the 


bending  moment  Is  M  »  El  . 


Substituting  d0  (d0  ■  '  dx)  and  M  In  Equation  2.1  yields 

d<PE)  -  10)  f^j  dx) 


dx 


EQ.  2.2 


4 


Ibid.,  p.  132 
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The  change  In  kinetic  energy  la  given  by 

d(M)  -  k  (my  v2 


*Q.  2.3 


V(Velocity)  »  Y  (Deflection) 


dm  (maaa  change  along  beam) 

\ 


“(uSth)- 


KE  - 


CD 

2 


y2  dx 


od  (Frequency) 
dx 


BQ.  2.4 


If  the  beam  hee  a  mats  load  the  kinetic  energy  la 

M  "  j^t? 2^~)  y2dx  +  1/2  ^  <**•••  Load>  IQ-  2‘5 

vheee  y  la  the  beam  deflection  at  the  mesa  load, 
n 

Equating  kinetic  energy  and  potential  energy  the  frequency  becomea 


Equation  2.6  la  known  aa  Rayleigh' a  equation  and  la  relatively  eaey 
to  apply  if  the  ahape  of  the  deflection  curve  or  nomil  function  la 
knoftn  or  approximated.  If  the  normal  function  la  not  known  the  fre¬ 
quency  obtained  will  be  higher  then  the  exact  frequency  for  any  one 
beam.  If  the  area  and  inertia  of  the  beam  are  not  conetant  the  normal 
function  will  be  difficult  to  approximate  with  a  a ingle  term  aa  oppoaed 


to  e  aarlea  of  terma 


CHAPTER  III 


RAYLEIGH-RITZ  PROCEDURE 


The  Rayleigh-Ritz  procedure  is  sn  extension  of  the  Rayleigh 
principle  and  its  application  is  very  satisfactory  for  a  beam  whose 
area  and  inertia  may  not  be  constant  along  the  beam*  In  the  latter 
case  the  dynamic  deflection  curve  is  complicated  and  the  normal  func¬ 
tion  can  best  be  described  by  a  series  of  terms  rather  than  a  single 
term  as  used  in  the  Rayleigh  principle.  Ritz  defined  the  normal 
function  by  an  infinite  series  of  terms  such  as 

y  »  a1(»1(x)  +  a^x)  +  a^U)  +  a^4(x)  •»«»■><■ 


where  every  0^(x)  satisfies  the  boundsry  conditions  of  the  besm. 
From  Equation  2.6  the  frequency  is 


EQ.  2.6 


the  normal 


0. 


EQ.  3.1 


~J°  “  (&) 2  ix  Jr  ylix  +  *>■ ,"2)  * 


EQ.  3.2 
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2.6 


3.1 


3.4 


3.5 


Tha  differential  of  "a"  (Equation  3.5)  with  raapact  to  each  co¬ 
efficient  <alf  a2,  a3,  a^, . an)  will  provide  a  aet  of  homo¬ 

geneous  equations  from  which  tha  frequency  can  be  calculated.  Tha 
accuracy  of  tha  Rayleigh-Rits  method  depends  on  tha  number  of  terms 
used  in  tha  normal  function.  If  all  tha  terms  ware  used  tha  solution 
would  converge  to  tha  exact  frequency  for  any  beam.  Satisfactory 
results  can  be  obtained,  however,  by  using  the  first  two  terms  for 
the  systems  under  consideration. 


CHAPTER  IV 


OPTIMIZING  THX  DYNAMIC  SHAPE  OP  CANTILEVER  BEAM 
WITH  MASS  LOAD  AT  FREE  END 


The  uses  load  on  the  cantilever  oeaa  will  be  considered  a  point 
load  (Figure  4) . 

MASS 


mn 

JL 

H  n 

A  A  ^ 

Figure  4. 

Cantilever  Beam  vlth  a  Mass  Load 
at  the  Free  End 

The  greatest  deflection  of  a  cantilever  beam  is  contributed  by 
the  free  end  quarter  of  the  beam.  This  can  be  simply  proven  vlth 
Dunker ley's  formula.3  Dunkerley's  formula  applies  to  systems  with 
mass  loads  distributed  along  the  system.  Dunkerley's  formula  (as 
applied  to  a  cantilever  beam  (Figure  5)  states: 


3Currerl,  op.  cit.,  p.  48. 
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■q.  4.r 


*  V  h  r2  ‘3  ■ 

where  f  ■  approximate  combined  ay at am  frequency 
f o  •  natural  frequency  of  bean  alone 


f j  ■  natural  frequency  of  weight  1  alone  on  maaaleaa  beam 
f ,,  ■  natural  frequency  of  weight  2  alone  on  maaaleaa  beam 


f  -  natural  frequency  of  weight  n  alone  on  maaaleaa  beam 


flU  WE/SHT* 


Figure  S. 

Cantilever  Beam  Divided  Into  Four  Sectlona 


Since  the  natural  frequency  of  a  a ingle  degree  of  freedom  ayatem 


can  be  written  In  terma  of  lta  static  deflection  (  f»3.12 


Kquatlon  4.1  may  be  written  aa  follows 


>. 


at 


'at 


y0  +  Fj  +  y2  +  y3  + 


.  .  + 


BQ.  4.2 
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For  the  bean  In  Figure  S,  y 
3 

Waoad)  ‘  1  (length  to  load) 

3  IX 


at 


y,  +  y*  +  y<  +  yy  and  y« 


at 


'at 


W_  (j 

3  n  {J 

a —  Z' 

S  II  (  1+27 


l3  +  33  +  53  +  73 


+  125  +  434 


') 


IQ.  4.3 


Equation  4.3  shows  that  tha  end  quarter  (jj)  of  the  beam  con¬ 
tributes  to  the  greateat  atatlc  deflection  of  the  beam  and  la  alao  the 
location  of  the  leaat  bending  moment.  From  thla  it  can  be  deduced 
that  the  removal  of  material  at  the  end  of  the  beam  might  reduce  the 
masa  effect  more  than  the  atlffneaa  effect.  Thie  would  increaae  the 
natural  frequency  becauae  the  atatlc  deflection  (Iquation  4.3)  would 

be  reduced  with  a  resulting  increaae  in  frequency  (f  ■  3. 12i /■“ —  ). 

v  yat 

The  next  atep  ia  to  find  the  optimum  dynamic  shape  for  the  beam 
which  will  give  the  highest  fundamental  frequency  for  any  ratio  of 
free  end  maas  load  to  beam  mass.  As  an  example  let  the  beam  width 
be  unity  and  the  depth  vary  along  the  length  of  the  beam  (Figure  6). 
The  half  height  of  the  beam  will  be  given  by 


b 

2 


(V) 


IQ.  4.4 


where  "n"  defines  the  shape  parameter  as  shown  in  Figure  6. 


6Ibid.,  p.  86. 
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Shape  Parameters  for  a  Cantilever  Beam 
The  cross  sectional  area  is  given  by 
A 


/2H  \  n 

uv  x 


and  the  moment  of  inertia  is 


KQ.  4.5 


IQ.  4.6 


With  the  above  characteristics  the  potential  energy  (Equation  2,2)  is 

^  /  —  \  1  \  i 

dx 


“”n  by  « -  /  s  ($£-) 3-  (6-) 


EQ.  4.7 


and  the  kinetic  energy  is 

Ot 

KE  ' _ 

2 


A  2  2 

J  y  dx  +  ...2  „  2 


OJ  y 


EQ.  4.5 


where  n  »  mass/length  ■  -3  (density)  •  A  (area) . 
Hat  R  ■  mass  load/baam  mass  ■ 

r JL 

than  W  -  L  \  0>2  p  A  y2dx  +  \  R  Mj  o^2  . 


IQ.  4.8 


Since  Beam  mass  *  beam  volume  •  density. 
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and  Beta  volume  ■ 
than  K* 


j’JL  £d 

i  *tfi?**i  “f -V/V*. 


EQ.  4.9 


Substituting  Equation  4.5  in  Equation  4.9  tha  final  form  for  the 
kinetic  energy  ia 

I  -  ~  O  J.  J.  d  ^  „ 

EQ.  4.10 


KE 


„2  o  u  n  2  dx  +  R  y  ^  C 

■yi”  *  Jo 


n  j 
x  dx 


Equating  the  potential  energy  (Equation  4.7)  and  the  kinetic 

energy  (Equation  4.10)  the  frequency  equation  for  a  dynamic  shaped 

rJL 


beam  is 


05 


~rT 

m  Jo 


EQ.  4.11 


Equation  4.11  could  be  considered  Rayleigh's  frequency  equation  for  a 
dynamic  shaped  beam. 

RAYLEIGH  APPLICATION 


In  applying  the  Rayleigh  method  to  shaping  a  beam,  a  deflection 
curve  oust  be  assumed  because  the  exact  curve  is  not  known  for  the 
shaped  beam.3y  assumingthe  deflection  curve  to  be  y  ■  yQ  (l-sin  ), 
where  yQ  is  the  deflection  at  the  end  of  tha  beam  the  frequency 
(Equation  4.11)  can  be  found  for  any  combination  of  the  shape  para¬ 
meter  "n"  and  the  ratio  "R"  (mass  load  to  beam  mass) .  Results  of  a 
number  of  calculations  appear  in  Table  I. 


14 


R 

0 

Shape  P 
\ 

arameter  n 

_ l _ 

2 

2 

T 

0 

3.68H  rrz 

JP  V3-? 

Eg 

r 

8.15H  /TH 

P  3’f 

ixiOH  fH 

i2V3f 

1 

10 

.  543  H  ./T"1 

■  634H/B  1 

jjl  VTf 

Table  I 

Frequency  (Rayleigh  Method)  Varaua  Shape  Parameter  "n" 
and  Maaa  Ratio  "R" 

The  above  approach  for  determining  the  fundamental  frequency  la 
only  an  approximation  becauaa  the  deflection  curve  (normal  function) 
la  not  very  accurate  when  the  area  and  Inertia  are  functlona  of  x 
(length  along  the  beam).  The  frequency  from  Table  I  for  a  rectangular 
beam  (n-0)  and  no  maaa  load  (**)  la  «  compared  to 

3.52  H  nr  whlch  lf  th#  ex4ct  fundamental  frequency  for  a  rectangular 

J^2  V  3‘p 

beam  with  no  maaa  load.  Thla  la  a  eatlefactory  aolution  for  the  apecl- 
ftc  case  where  the  area  and  Inertia  are  conetant  for  the  rectangular 
beam.  As  the  shape  parameter  n”  increases,  the  assumed  deflection 
curve  becomes  less  accurate  and  therefore  the  calculated  frequency 


has  a  larger  error. 
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RAYLEIGH -RITZ  PROCEDURE 


The  Rayleigh>Rits  procedure  le  veil  suited  for  a  beam  whose  area 
and  inertia  may  not  be  constant  along  the  beam  and  therefore  the  normal 
function  could  best  be  described  by  a  series  of  terms.  The  normal 
function  for  this  system  is 


»■  *i(1  +*2  if1  • i )  *  *3(1)  (x  -*)  •  •  • 

which  satisfies  the  boundary  conditions  for  the  cantilever  beam. 

Applying  the  "shaping"  equation  (Equation  4.5  and  4.6  to  Equation 
3.5)  "s"  is  given  by 


2  2 

dx  -  or 


f  y2d*  +  MLym2 


letting  R  -  mass  load/beam  mass  -  1.  and  ^  .  £(d.n,lty)  .^A.dx(vol.) 


then 


■J  * <f:  *°dj 


KQ.  4.12 


and  finally  a 

*  '  Jo  P)  Y6) 2  “  ^  (4-) 


Applying  the  first  two  terms  of  the  normal  function 

<r‘*i  (l'j)  +  *2  (f)Cl-jr) 

to  Equation  4.12  and  performing  the  necessary  operations  as  developed 
on  page  8  the  frequencies  in  Table  II  are  calculated  for  bomiblnatlons 
of  the  shape  parameter  "n"  and  the  mass  ratio  "Up. 


7Ibid. ,  p.  88. 
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R 

? 

0 

r 

_ _ 0 _ 

_ V 

Shape 

_ 

Parameter  n 

1 

2 

3 

IlUB  , 

X1 ' 

/!? 

4.60H  /HI 

V3f 

iUlS  PL 

jP  v5? 

iafiM  /m 
JP  V  3-f 

jp  vs*r 

1 

U2I. 

ft 

f 

0.S8H 

0.44H./T1 

10 

“7*1' 

Table  II 

Frequency  (Rayleigh-Ritr  Method)  Vereue  Shape  Paeameter  "n" 

and  Maaa  Ratio  "R" 


Figure  7  shows  a  plot  of  frequency  coefficient  versus  shape  para¬ 
meter  using  the  Rayleigh  Principle  and  Rayleigh-Rits  procedure.  The 
calculations  by  the  Rayleigh-Rits  procedure  are  considered  more  accurate 
because  the  normal  function  (series  of  terms)  is  a  closer  approxima¬ 
tion  to  the  actual  deflection  curve  for  the  shaped  beam  (area  and  in¬ 
ertia  not  constant). 


CHAPTER  V 


OPTIMIZING  THE  DYNAMIC  SHAPE  OP  A  SIMPLY  SUPPORTED  BEAM 
WITH  A  MASS  LOAD  AT  THE  CENTER  OP  THE  BEAM 


This  Chapter  will  present  the  necessary  approach  to  optimise  the 
dynamic  shape  of  a  simply  supported  beam  with  a  mass  load  (Figure  8). 

SS 


Figure  8. 

Simply  Supported  Beam  With  a  Center  Mass  Load 


Based  the  conclusions  of  the  last  chapter,  the  Rayleigh>Ritz 
procedure  is  best  suited  for  determining  the  shape  of  this  beam.  The 
width  of  the  beam  in  Figure  8  is  again  assumed  to  be  unity  and  the 


depth  is  varied  along  the  length  of  the  beam.  The  half  height  of  the 
beam  is  given  by 


1  •  e _  {£  ~  o  6  ^  j 

2  ({J  } 

IQ.  5.1A 

and 

i-a_ 

2  (£)'  '  2/  2 

IQ.  S.1B 

w 
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where  "n"  defines  the  shape  parameter  as  shown  in  Figure  9. 
The  cross  sectional  area  is 


*‘  ^hr  (£■  «) 


and 


(i\ 

\2J 


A.«- 

iV 

12/ 


2 


(*■!)’  -I6 


.u 


IQ.  5.2A 

IQ.  5.2B 


Figure  9. 

Shape  Parameter  for  Simply  Supported 
The  moment  of  inertia  is  . 

i. 0-Y  o«. 

(  (f)‘  / 

■  - 


The  frequency  equation  (4.11)  whan  applied  to  the  simply  supported 


Beam 

<£  / 

*  *  IQ.  5.SA 

*>6  IQ.  5.3B 
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Applying  eh*  Raylelgh-Ritr  proc*dur*  Co  Equation  5.4  eh*  "s" 
term  •«  developed  (Equation  3.5)  1*  given  by 


fff- 


)  / 


2  rSi 

dx  + 


f*  /  a\  n3  /.2  \  2 

X  H)  -te)  - 
'X  c*  ■  i  ■  / 


y2dx  + 


dx 


EQ.  5.5 


A**umlng  the  normal  function  to  be 


y  »  eln  »<^x  +  *3  aln  2*&  +  «5  •*«>  5jp  +  •  •  •  +  a„  aln 

and  using  only  the  first  two  terms.  Tha  frequency  for  a  rectangular 
beam  (n*0)  with  no  load  (R*0)  la  given  by 

•■//£*) 2  f! 

Upon  substituting  the  first  two  terms  of  the  normal  function  Into 


y2  dx  a 


EQ.  5.6 


Equation  5.6 


f 


12< 

f 

2  4 

'tfr  *81^ 


EQ.  5.7 
2  2 


a.  it 

s  •  jl 


sin  ,  sin 

+  81  ■»  - 

sin  .  sin  3^x 

+  .,z  .i»! 

-£.  X  2  +  2^ 
C1  v 

EQ.  5.8 

EQ.  5.9 

fij  •  fyr~)  *3  - )  *3  ■  0 
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EQ.  5.10 


Solving  Equation  5.9  for  frequancy  reaulta  in 

CD  ■  k2H  /  K  1  __  -  - 

7?  v  3”^  EQ.  5.11 

which  la  an  exact  answer.  The  solution  to  Equation  5.10  la  the  fre- 
quency  of  the  third  harmonic  and  It  la  also  an  exact  answer. 

By  using  Equation  5.5  In  the  same  maimer  except  using  values 
other  than  n  *  0  and  R  »  0  the  frequencies  can  be  found  for  any 
shape  parameter  "n"  and  any  mass  load  ratio  "R" .  By  plotting  the 
frequency  coefficient  versus  the  shape  parameter  the  best  shape 
(highest  fundamental  frequency)  of  the  beam  can  be  determined  for 
a  particular  ratio  of  mass  load  to  beam  mass. 

As  mentioned  In  the  Introduction  the  exact  answers  to  many 
vibration  problems  are  difficult  to  obtain  and  approximate  solution 
must  be  accepted  rather  than  performing  numerous  numerical  sets  of 
calculations.  For  example;  to  find  the  frequency  of  the  simply 
supported  beam  with  a  mass  ratio  "Bf*  of  1  and  a  shape  parameter  ”n" 
of  1,  Equation  5.5  swat  be  solved,  then  differentiated  and  the  re¬ 
sulting  homogeneous  equations  solved  to  determine  the  frequency. 

The  solution  will  be  very  close  to  the  exact  solution  provided  no 
mistakes  are  made.  Reviewing  Equation  5.5  and  substituting  n*l  and 
R  -  1  "a"  becomes 
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performing  the  necessary  multiplication  and  substituting  the  first 
two  terms  of  the  normal  function/'*"  actuals 

(f  )*  ft*  (* 3  ’*  + 2  ^ "  *3)  (‘*  ’ln2  f  + 18  *‘  *3 

•  ln^|..tn  jp  +  »1  *3  «la2  ^  ^  L2  (»3  -  J  i2x  +  \g 

•j£_  j  ♦  18  «!  *3  *1“  .  sin  2^  +  81  *3  sin2^**  ^  dx 

“  ¥d^~  fj!2(i '  *)  ('*  ,l°*f  +  2‘1  *2  fp 

L.  2  2  .  \ 


.  2  2 
+  *3  sin 


j  -3  —  Jpl  ^ 

L  (x  ■  f)  (*12  ,l“2  ^  +  2*1*3  f',,n  ^  *  *32  ,l“2^‘) 


dx 


C*!2  +  2*1  *3  *  -3 *£{•{)*] 


KQ.  5.13 


The  solution  to  Equation  5.12  Is  wary  long  and  will  only  give  the 
frequency  for  a  beam  whose  shape  parameter  la  1  and  mass  ratio  Is  also 
1.  Sufficient  combinations  of  "n"  and  "R"  must  be  taken  In  the  calcu¬ 
lations  so  the  frequency  coefficient  versus  the  shape  paraawter  can  be 
plotted.  From  this  plot  the  optimum  dynamic  shape  can  be  approximated. 


X 


CHATTER  VI 
C0HCLU8I0N 

It  hM  1ft b  shown  that  to  accurately  de tannine  the  optimum 
dynamic  shape  of  a  simply  supported  beam  the  process  Is  very  long  and 
complicated.  However  It  could  be  simplified  by  using  the  Rayleigh 
principle  If  a  good  deflection  curve  could  be  obtained.  The  eccuracp 
of  the  Rayleigh  principle  depends  on  the  normal  function  (ahape  of 
the  deflection  curve).  It  is  difficult  to  approximate  the  normal 
function  of  a  beam  whose  area  and  Inertia  are  not  constant  with  a 
single  term.  The  normal  function  can  best  be  approximated  by  a 
aeries  of  terms  as  was  shown  In  the  Raylelgh»Rlts  procedure. 

It  was  pointed  out  in  the  Introduction  that  the  accuracy  of  a 
solution  required  by  an  engineer  might  depend  upon  how  much  effort 
the  engineer  wants  to  expend  in  solving  the  problem.  The  accuracy 
required  in  shaping  a  simply  supported  beam  Is  also  a  function  of  how 
such  manpower  can  be  applied  to  the  problem. 


